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Apparently, some form of local superconducting pairing persists to temperatures well above the
maximum observed Tc in underdoped cuprates, i.e. Tc is suppressed due to the small phase stiffness.
With this in mind, we consider the following question – Given a system with a high pairing scale
∆0 but with Tc reduced by phase fluctuations, can one design a composite system in which Tc
approaches its mean-field value, Tc → TMF ≈ ∆0/2 ? Here, we study a simple two component
model in which a “metallic layer” with ∆0 = 0 is coupled by single-particle tunneling to a “pairing
layer” with ∆0 > 0 but zero phase stiffness. We show that in the limit that the bandwidth of the
metal is much larger than ∆0, Tc of the composite system can reach the upper limit Tc ≈ ∆0/2.
I. INTRODUCTION
There are both theoretical1,2 and experimental2,3,4,5
indications that underdoped cuprate superconductors
can exhibit significant pairing correlations for a range of
temperatures that extends above the highest measured
superconducting Tc. Whereas in conventional metallic
superconductors, Tc ≈ ∆0/2 is determined by the pairing
(zero T gap) scale, in underdoped cuprates it is appar-
ently determined by the collective onset of phase coher-
ence, and hence by the superfluid stiffness, κ ∝ ρs, where
ρs is the zero T superfluid density
3.
The question we address here is: Given a material
which has a “high” pairing scale, ∆0, but which fails
to become a superconductor at high temperatures due to
its low superfluid density, can we design an artificial com-
posite of this material and a simple metal that realizes a
high transition temperature, Tc ∼ ∆0/2 ? Certainly su-
perconductivity can be induced in the simple metal via
the proximity effect6, leading to an enhancement of the
total superfluid density. Conversely, however, the pairing
scale tends to be suppressed by the very same proximity
effect6,7. It is not clear, a priori, whether the composite
will exhibit the best of both worlds, or the worst.
Two sets of experimental observations suggest a pos-
itive outcome. Firstly, in the last several years, Ong
and collaborators5 have shown that phenomena related
to fluctuation diamagnetism persist to moderately high
temperatures in underdoped cuprates. This, added to the
older evidence that there exists a spectroscopic pseudo-
gap which extends to high temperatures, encourages us
to interpret at least a portion of the observed “pseudo-
gap regime” as a regime of pairing without global phase
coherence. Secondly, recent experiments by Yuli et al.8
on epitaxial films of La2−xSrxCuO4 on a SrTiO substrate
demonstrated that Tc of underdoped films may be raised
by depositing a thin upper-layer of strongly overdoped
and hence metallic La1.65Sr0.35CuO4 (see also Ref. [9]).
Motivated by these findings, we study simple model
systems composed of two components: a “pairing” com-
ponent with a high pairing scale, ∆0, but zero Tc due
to zero superfluid stiffness, and a “metallic” component
with no pairing but high stiffness. The microscopic ori-
gin of the pairing is not elucidated in this work, and we
treat it as given. However, on physical grounds, we only
consider situations in which ∆0 ≪ EF , the Fermi en-
ergy of the metal. The two systems are coupled by a
tunnelling matrix element t⊥. Our principle result is the
demonstration that, under the right conditions (i.e. the
optimal magnitude of t⊥), Tc ≈ ∆0/2 can be achieved.
It is our hope that these results can provide guidance
for a new generation of searches, of the sort pioneered
by Yuli et al.8, for higher temperature superconductivity
in engineered composite materials. More generally, this
work extends previous work10,11,12,13,14,15,16,17 on “opti-
mal inhomogeneity for superconductivity” to situations
more amenable to direct experimental manipulation.
This paper is organized as follows. In Sec. II we de-
scribe the model and our strategy of solving it. The
results for the cases in which the pairing layer consists
of negative-U sites and negative-U wires are presented
in Sections III and IV, respectively. The results are dis-
cussed in Sec. V.
II. MODEL AND STRATEGY
The “pairing component” is modelled by a two dimen-
sional lattice of negative U sites, which are either decou-
pled completely or coupled only in one direction (form-
ing an array of parallel one-dimensional wires). In both
cases, Tc of the isolated pairing layer is zero due to zero
phase stiffness. Nevertheless, the system has a finite pair-
ing scale ∆0. Upon coupling this layer to a metallic layer
modelled by non-interacting electrons, a finite Tc obtains.
The behavior of Tc as a function of the strength of the
coupling between the two systems is then studied.
The model Hamiltonian is
H = Hc +Hf +Hcf , (1)
where Hc is the Hamiltonian of the non-interacting
(metallic) layer :
Hc = −t
∑
〈rr′〉σ
c†
rσcr′σ +H.c.− µ
∑
r
nc,r, (2)
2where 〈rr′〉 denotes nearest neighbors. Hf is the Hamil-
tonian of the “pairing” layer:
Hf = −(µ− ε)
∑
r
nf,r
−U
∑
r
(
nf,r↑ − 1
2
)(
nf,r↓ − 1
2
)
−t′
∑
rσ
f †
rσfr+axˆ,σ +H.c. (3)
with U > 0 (attractive) and t′ = 0 for the “pairing sites”
problem analyzed in Sec. III, and t′ = t for the super-
conducting wires problem analyzed in Sec. IV. Finally,
Hcf is the the tunneling Hamiltonian between the two
layers,
Hcf = −t⊥
∑
rσ
c†rσfrσ +H.c. (4)
Here c†
rσ and f
†
rσ create electrons in the metallic and
pairing layers, respectively, nr = nf,r+nc,r where nf,r =∑
σ=↑,↓ f
†
rσ frσ, and similarly for nc,r. The on-site energy
ε for the f sites is assumed to be close to the chemical
potential, so that the f band is partially filled. Through-
out the analysis, we assume that the metallic bandwidth
W = 8t is much larger than t⊥, U . For simplicity, we con-
sider the case of a two-dimensional square lattice, with a
lattice constant a = 1.
In order to solve (1), we first use mean-field theory to
decouple the interaction term:
−Uf †
r↓f
†
r↑fr↑fr↓ → −∆∗fr↑fr↓ −∆f †r↓f †r↑ + δεnf,r, (5)
and solve the self-consistent BCS equations at finite tem-
perature:
∆ = U 〈fr↑fr↓〉 , (6)
δε = −U
2
〈nf,r〉, (7)
n = 〈nr〉 , (8)
where n is some fixed density. From these equations we
find the mean-field transition temperature TMF , at which
∆ vanishes. However, the actual Tc of the model is lower
than TMF due to phase fluctuations, which are particu-
larly important in situations where the phase stiffness is
small, i.e. when t⊥ is small. (Note that when t⊥ = 0,
TMF > 0, but Tc = 0. This is true regardless of t
′.)
We make an estimate of the superconducting Tc that
includes both the usual physics of pairing that is cap-
tured by BCS mean-field theory and the dominant effects
of phase fluctuations, as follows: To begin with, we com-
pute the mean-field approximation to the phase stiffness
ρs (T ), defined as
ρs (T ) =
1
Ω
∂2F
∂q2x
, (9)
where F/Ω is the free energy per unit area and qx is a
phase twist in the x direction, which enters the kinetic
energy term in the Hamiltonian as:
− t
∑
〈rr′〉σ
c†
rσcr′σ → −t
∑
〈rr′〉σ
ei
q
2
·(r′−r)c†
rσcr′σ (10)
(Eq. (9) is slightly modified in cases where t′ 6= 0, since
then the stiffness is anisotropic, and the relevant quantity
is the geometric mean of the stiffness in the x and y
directions. This will be discussed in Sec. IV.) Then, we
estimate the temperature at which the two dimensional
Kosterlitz-Thouless transition (phase ordering) occurs in
terms of the universal jump of the stiffness at criticality:
ρs (Tc) =
2
pi
Tc. (11)
This is still an overestimate as it neglects the renormal-
ization of ρs (Tc) due to phase fluctuations below Tc.
Upon solving Eqs. (6-8,11), we estimate Tc as a func-
tion of the model parameters. Although Tc estimated in
this way is always less than TMF , where ρs (T ) vanishes,
if the phase stiffness is very large (as in a conventional
weakly coupled BCS superconductor), then Tc ≈ TMF .
The method described above to determine Tc was ap-
plied in Ref. [18] for the negative U Hubbard model, and
the results were compared with the results of Quantum
Monte Carlo (QMC) simulations19,20. Qualitative trends
of the Monte-Carlo results at generic fillings were well
reproduced by this method21. Moreover, although the
Monte-Carlo Tc was always smaller than the estimated
Tc, the two typically differ by no more than 30% - 50%.
Therefore, even though the method is not quantitatively
reliable in the intermediate to strong coupling regime, we
do expect it to predict correctly the qualitative trends of
Tc as a function of the model parameters. We intend
to check the results using Monte-Carlo methods in the
future.
III. NEGATIVE U SITES
Let us focus on the case t′ = 0 in Eq. (3), in which the
negative-U sites are coupled only by tunnelling through
the metallic layer. We fix t, U , ε and n, always assuming
that U , t⊥ ≪ W , where W = 8t is the bandwidth of
the metallic layer, and calculate Tc (t⊥) [µ is determined
by Eq. (8)]. n is chosen so that the band of negative U
sites is partially filled (so that the self-consistent solution
satisfies µ ≈ ε+ δε and ∆ 6= 0 at T = 0).
A. Analytical results
In the limit t⊥, T ≪ U , the dependence of Tc on t⊥
can be understood analytically from (4th order) pertur-
bation theory in t⊥. In this limit, we may assume that
∆ is approximately temperature independent and equal
3to its zero temperature value ∆0 ≈ U/2. At T = 0,
the perturbative expression is complicated due to Fermi
surface singularities, but for temperatures in the impor-
tant range ∆0 ≫ T ≫ t2⊥/∆0, the results simplify [see
Appendix A, Eq. (A6)]:
ρs
(
t2⊥
U
≪ T ≪ U
)
∼ t
4
⊥
U2T 2
〈
v2F
〉
FS
N (0) , (12)
whereN (0) is the density of states of the metallic layer at
the Fermi energy, and
〈
v2F
〉
FS
is the square of its Fermi
velocity averaged over the Fermi surface. Numerical fac-
tors of the order of unity have been dropped. Since para-
metrically
〈
v2F
〉
FS
N (0) ∼ t, this gives ρs (T ) ∼ t
4
⊥
U2T 2 t.
Using Eq. (11), we get the following estimate of Tc:
Tc (t⊥ ≪ U) ∼ t
(
t⊥√
Ut
) 4
3
. (13)
Eq. (13) gives that Tc ≫ t2⊥/U , consistent with the as-
sumptions leading to Eq. (12). Eq. (13) must break
down before t⊥ ≃ t⊥,1 where
t⊥,1 ∼ U
(
U
t
) 1
4
(14)
since Eq. (13) gives Tc (t⊥,1) ∼ U ∼ ∆0, and Tc cannot
exceed ∆0.
As t⊥ is increased beyond t⊥,1, the superfluid density
is large enough and ceases to limit Tc significantly. How-
ever, the pairing is also reduced. TMF , the temperature
at which ∆ (TMF ) = 0, can be calculated perturbatively
in t⊥ [Eq. (A14) of Appendix A]:
TMF =
U
4
[
1− At
2
⊥
Ut
+O
(
t4⊥
)]
, (15)
where, to be explicit, we have taken the negative U sites
to be half filled for t⊥ = 0. A is a dimensionless number
of order unity. Therefore TMF is not suppressed signifi-
cantly from its t⊥ = 0 limit until t⊥ becomes of the order
of
t⊥,2 ∼
√
Ut. (16)
Interestingly, we see that in the limit U ≪ t, the ratio
t⊥,2
t⊥,1
=
(
t
U
) 3
4 becomes large. Therefore, there is a para-
metrically wide region where there is plenty of superfluid
stiffness, but the pairing is still not suppressed signifi-
cantly. It is at least plausible to expect that in the region
t⊥,1 . t⊥ . t⊥,2, Tc of the order of TMF (t⊥ = 0) ≈ ∆0/2
is obtained.
B. Numerical results
Fig. 1 shows Tc and TMF obtained from solving Eqs.
(6-8,9) numerically for n = 1.5, t = 1, ε = −1 and U = 1,
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FIG. 1: (Color online.) Tc () and TMF (◦) obtained from
solving Eqs. (6-8,9) numerically for n = 1.5, t = 1, U = 1,
as a function of t⊥. The dashed curves are fits to the data
according to Eqs. (13,15). A = 0.235 was used in the fit.
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FIG. 2: (Color online.) Tc(max) (maximized over t⊥) for
different values of U and fixed t = 1, n = 1.5. Tc(max)
is shown as a function of ∆0 ≈ U/2, which is the T = 0,
t⊥ = 0 gap for the same U . The dashed line is the mean
field transition temperature for t⊥ = 0, TMF,0 ≈ ∆0/2. inset:
t⊥(max) in which Tc(max) is obtained, as a function of ∆0.
as a function of t⊥. At low t⊥, TMF ≈ U/4, while Tc
is strongly suppressed due to the low superfluid stiffness.
For low enough t⊥, Tc ∼ t4/3⊥ in agreement with Eq. (13).
Tc reaches a maximum at t⊥ ≈ 0.45, and then starts to
drop due to the suppression of TMF . At high enough
t⊥, Tc essentially coincides with TMF . The maximum
Tc, which is obtained in the crossover regime between
pairing-dominated and stiffness-dominated regimes, is
Tc ≈ 0.085, which is about 35% of the maximum TMF .
In Fig. 2 we show Tc (max), which is the maximum of
Tc (t⊥), as a function of ∆0 ≈ U/2, which is the T = 0,
4t⊥ = 0 gap. We fix t = 1 and n = 1.5 throughout the
calculation. In the low ∆0/t limit, Tc (max) reaches the
maximum conceivable value which takes full advantage of
the pairing scale, Tc (max) /∆0 → A0 ≈ 1/2 as ∆0/t →
0. (The dashed line in Fig. 2 is Tc (max) = ∆0/2).
The optimal t⊥ for superconductivity, t⊥(max) is
shown in the inset of Fig. 2 as a function of ∆0. For
small ∆0/t, we find that t⊥(max)≈ ∆0. As ∆0 is low-
ered, the maximum becomes broader and broader rela-
tive to ∆0, in agreement with what we expect from Eq.
(14,16): Tc ≈ ∆0/2 for t⊥,1 . t⊥ . t⊥,2, and this range
becomes parametrically wide at low ∆0.
IV. SUPERCONDUCTING WIRES
A. Analytical results
We now consider the case in which the “pairing layer”
is an array of one dimensional wires in the x direction.
Assuming that t′ ∼ t > U , the zero temperature gap
is given by the BCS equation: ∆0 ∼ t′ exp[−1/N˜(0)U ]
where N˜(0) ∼ (2pit′)−1 is the density of states of a sin-
gle wire. The phase stiffness along the x direction is
finite even for t⊥ → 0,22 while the stiffness in the y di-
rection vanishes at this limit. Since the phase stiffness
is anisotropic, ρxs 6= ρys , the macroscopic phase stiffness,
which appear in Eq. (11), is an appropriate average of
its values in the two directions. Analogously to the case
of the anisotropic two dimensional XY model, the geo-
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FIG. 3: (Color online.) Same as Fig 2 for the case of su-
perconducting wires [t′ = t in Eq. (3)]. Tc(max)/t (maxi-
mized over t⊥) is shown as a function of ∆0/t. The dashed
line shows the mean-field transition temperature at t⊥ = 0,
TMF,0/t ≈ 2∆0/(3.5t). inset: t⊥(max)/t as a function of
∆0/t.
metric average of ρxs , ρ
y
s should be used
23:
ρs =
√
ρxsρ
y
s . (17)
We have found that Tc of the composite system is high-
est when the Fermi surfaces of the two layers intersect in
the t⊥ → 0, U → 0 limit24. We therefore assume that
this is the case in what follows.
Following a similar line of reasoning as in Sec. III, the
scaling of ρs in the limit
t2
⊥
∆0
≪ T ≪ ∆0 is [Eq. (A8) in
Appendix A]:
ρs
(
t2⊥
∆0
≪ T ≪ ∆0
)
∼
√
t
∆0
t2⊥
T
, (18)
which by Eq. (11) gives
Tc (t⊥ ≪ ∆0) ∼
(
t
∆0
) 1
4
t⊥. (19)
And, since Tc cannot exceed ∼ ∆0, Eq. (19) can only
hold for
t⊥ . t⊥,1 =
(
∆0
t
) 1
4
∆0. (20)
The small t⊥ behavior of TMF is [Eq. (A17)]
TMF ≈ TMF,0
[
1− A˜t
2
⊥
tTMF,0
+O
(
t4⊥
)]
, (21)
where TMF,0 = TMF (t⊥ = 0) ≈ ∆0/2 and A˜ is a dimen-
sionless constant of order unity. Therefore, the suppres-
sion of TMF due to the coupling of the superconducting
wires to the metallic layer becomes significant when
t⊥ & t⊥,2 =
√
∆0t. (22)
Thus, as in the case of isolated negative-U sites, there is
a region between t⊥,1 and t⊥,2 where there is plenty of
phase stiffness and the pairing is not suppressed signifi-
cantly. Moreover, since t⊥,2/t⊥,1 ∼ (t/∆0)
3
4 , this region
becomes parametrically wide when ∆0 ≪ t. In that limit,
we expect that Tc can be asymptotically close to TMF,0.
B. Numerical results
Fig. 3 shows Tc(max) (maximized over t⊥) as a func-
tion of ∆0 for the case of 1D wires. The following pa-
rameters were used: t = t′ = 1, ε = −1 and n = 1.5.
U was varied between 1.1 and 1.65. Also shown in the
same figure is TMF,0, the mean-field transition tempera-
ture of the wires for t⊥ = 0. We found that in the range
of U we considered, TMF,0 is very well approximated by
the BCS formula TMF,0 = 2∆0/3.5 = a exp(−b/U), with
a = 4.415 and b = 6.215, i.e. ∆0 changes by an order
of magnitude from ∆0 ≈ 3 × 10−2 to 1.8 × 10−1. As in
the case of the negative U sites, in the limit ∆0/W → 0,
Tc(max) approaches TMF,0.
The inset of Fig. 3 shows the optimal value of t⊥ as a
function of ∆0. For small ∆0, we see that t⊥(max)≈ 2∆0.
5V. DISCUSSION
The pairing scale ∆0 defines a physical limit on the
maximum achievable superconducting Tc in a given sys-
tem. However, typically as the phase stiffness is in-
creased, the pairing scale tends to be suppressed, and
eventually this suppresses the actual Tc. Therefore, the
maximum Tc is typically reduced relative to ∆0, often
by a large factor. For example, in the two-dimensional
negative-U Hubbard model with fixed U , the maximum
possible ∆0 is about U/2, which is achieved for t = 0
and close to half filling. However, the maximum Tc (es-
timated by the method of combining the mean-field so-
lution with classical phase fluctuations, as described in
Sec. II) is only 0.085U (obtained for t ≈ 0.4U).
In the present work, we have been motivated by the
following question: Suppose that there exists a material
with a large pairing scale, ∆0, but a low (or vanishing)
Tc due to phase fluctuations; is there a way to make a
composite of this material and a good metal which will
realize a superconducting state with a transition temper-
ature, Tc → TMF,0 ≈ ∆0/2 ? In the two model systems
we studied, we found that by weakly coupling the two
materials with t⊥ ∼ ∆0, and in the limit that the band-
width of the metal is large, W/∆0 →∞, this optimal Tc
can be achieved.
This result was demonstrated using a physically moti-
vated approximate solution of the model. Fortunately,
the negative U Hubbard model is amenable to solu-
tion on moderately large systems by Quantum Monte
Carlo Methods, as it can be made free of fermion sign
problems25. We therefore intend to test the validity of
our results in this way in the near future.
Finally, we discuss the reasons to believe that our con-
clusions do not depend sensitively on the specifics of the
models. The coupling of a paired material to a good
metal produces two qualitatively different effects: an in-
creased superfluid stiffness, δρs, and a reduction of the
mean field transition temperature by an amount δTMF .
It is clear that in the limit of strong coupling between the
two systems, t⊥ ∼W whereW is the metallic bandwidth,
the latter effect always dominates, and hence coupling to
the metal leads to a quenching of superconductivity.
Let us therefore consider t⊥ ∼ ∆0 ≪ W , where a
perturbative expression for δTMF will generally give
δTMF = −AW−a∆a−10 t2⊥ ∼ −W−a∆a+10 . (23)
where A > 0 is a dimensionless constant, a is an ex-
ponent which could differ from case to case, and in the
final expression we have taken t⊥ ∼ ∆0. Similarly, close
to the putative superconducting transition temperature
T ≈ ∆0/2, we expect
δρs = BW
b∆−1−b0 |∆(T )|2, (24)
where B is another constant, and |∆(T )| ≪ ∆0 is the
temperature dependent mean field gap in the pairing
layer. So long as a > 0 and b > 0, these relations im-
ply that in the limit that W → ∞, the induced phase
stiffness at any T < TMF,0 grows without bound with no
significant loss of pairing. Hence phase fluctuations are
suppressed, leading to Tc → TMF,0.
Generally, one expects that δρs increases as W is in-
creased (i.e. b > 0), while |δTMF | decreases (a > 0),
since, in the metal, the Fermi velocity is a linearly in-
creasing function and the Fermi energy density of states
is a linearly decreasing function of W . Indeed, in the
case of negative U sites, a = b = 1,26 a result which, we
believe, is true in a wide range of circumstances.
As corroborating evidence, we note that the expected
non-monotonic dependence of Tc on coupling between a
metal and a phase fluctuating superconductor has been
observed in a somewhat analogous experimental system6
consisting of Pb grains covered with a film of Ag. As a
function of increasing Ag coverage, the first effect is to
suppress phase fluctuations and to increase the supercon-
ducting transition temperature up to nearly the bulk Tc
of Pb.27 However, adding more Ag to the system eventu-
ally causes a degradation of the pairing scale and a total
quenching of superconductivity.
As a concluding remark, we comment on the effect of
the pairing symmetry on our results. So far we have con-
sidered cases where the superconducting order parameter
has s-wave symmetry. In the case of d-wave symmetry,
the induced order parameter in the metal has nodes. This
will reduce the superfluid density at low temperature rel-
ative to the s-wave case, due to the excitation of nodal
quasi-particles. However, at T ≈ ∆0/2, the behavior
of ρs is not expected to be qualitatively different from
the s-wave case. Therefore we expect our main results,
Tc(max)≈ ∆0/2, to hold in the d-wave case as well. We
intend to test this claim explicitly in the future.
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APPENDIX A: THE LOW t⊥ LIMIT
1. Superfluid density
We will now derive Eqs. (12,18) for the superfluid den-
sity in the limit
t2
⊥
∆0
≪ T ≪ ∆0, where ∆0 is the zero
temperature gap in the “pairing layer”. In this limit, we
assume that ∆ (T ) = ∆0 is independent of temperature.
6We proceed by integrating out the (gapped) negative-U
layer degrees of freedom, obtaining an effective action for
the metallic layer. Focusing on the low energy modes of
the metallic layer, the ω dependence of the effective ac-
tion can be neglected, obtaining a low-energy effective
Hamiltonian of the form
Heff =
∑
kσ
ξk+ q
2
c†
kσckσ + ∆˜
∑
k
c†
k↑c
†
−k↓ +H.c., (A1)
where ξk = −2t (cos kx + cos ky)− µ, q/2 is a vector po-
tential introduced in order to calculate the phase stiff-
ness, and
∆˜ ∼ t
2
⊥
∆0
(A2)
is the proximity induced pairing field in the metallic layer.
Note that in the T ≪ ∆0 limit, ∆˜ is approximately tem-
perature independent, even for temperatures larger than
∆˜. The phase stiffness at temperature T is calculated
from (A1) in the standard way by computing the free en-
ergy F (q) = −T lnZ (q) where Z (q) =Tr[exp (−βHeff)],
and differentiating twice the free energy per unit area
with respect to qx. This gives
28
ρs =
1
2Ω
∑
k
[
u2
k
f (Ek) + v
2
k
(1− f (Ek))
] ∂2ξk
∂k2x
− 1
2Ω
∑
k
(
∂ξk
∂kx
)2
βf (Ek) [1− f (Ek)] , (A3)
where Ek =
√
∆˜2 + ξ2
k
, uk =
√
1
2
(
1 + ξkEk
)
, vk =√
1
2
(
1− ξkEk
)
and f (ε) is the Fermi function. Integrat-
ing the first line of Eq. (A3) by parts and replacing∫
d2k
(2pi)2
→ ∫ dξN (ξ), where N (ξ) is the density of states
of the metallic layer, we get
ρs =
1
2
∫ W/2−µ
−W/2−µ
dξN (ξ)
∆˜2
E2
{
1
2E
tanh
(
βE
2
)
−βf (E) [1− f (E)]
}〈
v2x
〉
(ξ) . (A4)
Here E (ξ) =
√
ξ2 + ∆˜2 and the averaged square ve-
locity at energy ξ of the metallic layer is
〈
v2x
〉
(ξ) =
1
N(ξ)
∫
d2k
(2pi)2
δ (ξk − ξ)
(
∂ξk
∂kx
)2
. Assuming | ±W/2− µ| ≫
T implies that the integral in Eq. (A4) is dominated by
energies close to the chemical potential. Hence, we may
estimate it by replacingN (ξ) and
〈
v2x
〉
(ξ) by their values
at the chemical potential (we assume that µ is not too
close to zero in order to avoid the logarithmic divergence
of N(ξ) at the middle of the band). Changing variables
to η = β
√
ξ2 + ∆˜2, we obtain
ρs ≃ ∆˜
2
T 2
N (0)
〈
v2x
〉
(0)
∫ βW
β∆˜
dη
F (η)
η
√
η2 −
(
β∆˜
)2 , (A5)
where F (η) = 12η tanh
(
η
2
) − eη
(1+eη)2
. at low η, F (η) =
O
(
η2
)
, so the integral converges in the limit β∆˜ → 0.
At high η, F (η) ∼ 1η , so we may also take the βW →∞
limit. Therefore, we obtain to leading order in β∆˜ and
1
βW
ρs(neg. U sites) ≃ α∆˜
2
T 2
N (0)
〈
v2x
〉
(0)
∼ t
4
⊥
∆20T
2
N (0)
〈
v2x
〉
(0) , (A6)
where α =
∫∞
0
dηF (η) /η2 = 7ζ(3)/8pi2, and we have
used Eq. (A2). This is Eq. (12). We have verified Eq.
(A6) by calculating ρs using finite temperature perturba-
tion theory to order t4⊥, by integrating out the fermions to
obtain an effective action for the superconducting phase,
and by evaluating Eq. (9) numerically in the low t⊥ limit.
In the case of superconducting wires, the “pairing
layer” has a finite stiffness of order ρxs ∼ t′ in the x
direction (parallel to the wires) even in the t⊥ → 0 limit.
In the transverse direction, however, Eq. (A6) applies for
ρys , with the exception that now the proximity induced
gap depends on k. The induced gap is significant in a
sliver in k space of width δkx ∼ ∆0v′
F
around the Fermi
surface of the wires (where v′F are the Fermi velocities of
the wires), reaching a maximum of order
t2
⊥
∆0
, and negli-
gible elsewhere (since only the region of Fermi surface of
the wires has considerable particle-hole mixing). Taking
N(0)
〈
v2y
〉 ∼ t and v′F ∼ t′ ∼ t, we therefore estimate ρys
in this case as
ρys ∼
t4⊥t
∆20T
2
(
∆0
t′
)
=
t4⊥
∆0T 2
. (A7)
The geometric average of ρxs and ρ
y
s (which determines
Tc) scales as
ρs (s.c. wires) =
√
ρxsρ
y
s ∼
√
t
∆0
t2⊥
T
, (A8)
which is Eq. (18).
2. TMF in the low t⊥ limit
TMF is obtained by the equation
UχSC (TMF ) = 1, (A9)
where χSC (T ) is the superconducting susceptibility of
the pairing layer with ∆ = 0. Using finite tempera-
ture perturbation theory, χSC (TMF ) can be expanded in
7powers of t⊥. Since we are dealing with a non-interacting
theory, all the diagrams are straight lines with t⊥ vertices
along them. The leading order correction to χSC (T ) is
δχSC =
2t2⊥a
2
βΩ
∑
iωnk
1
iωn + εk
1
(−iωn + εk)2
1
−iωn + ξk ,
(A10)
where the dispersions in the pairing and metallic layers
are given by εk = −2t′ cos kx − (µ − ε − δε), and ξk =
−2t (cos kx + cos ky)−µ, respectively. Here, a2 is the unit
cell area and ωn =
(2n+1)pi
β are Matsubara frequencies.
Performing the Matsubara summation, we obtain
δχSC =
2t2⊥a
2
Ω
∑
k
[
[εk − ξk tanh (βεk/2)]
4ε2
k
(ε2
k
− ξ2
k
)
+
2f (εk) [1− βf (−εk) (−εk + ξk)]
4εk (−εk + ξk)2
− f (ξk)
(ξk + εk) (−ξk + εk)2
]
. (A11)
In the case of disconnected negative-U sites, we take
the limit εk → 0 in Eq. (A11) (assuming that the
negative-U sites are close to half-filling). The limit gives
δχSC (neg. U sites) = −2t
2
⊥a
2
Ω
∑
k
βξk − 2 tanh
(
βξk
2
)
4ξ3
k
≈ −α˜ t
2
⊥N (0) a
2
T 2
, (A12)
where α˜ =
∫∞
0 dxx
−3 [x− 2 tanh (x/2)] = 7ζ(3)/2pi2.
We have replaced N (ξ) by N (0), which is a reasonable
approximation since the integral is dominated by the low
energy regime. Adding δχSC to the zeroth-order suscep-
tibility χ0SC ≈ 14T of disconnected sites, we get from Eq.
(A9)
U
4TMF
[
1− 4α˜N(0)a
2t2⊥
TMF
+O
(
t4⊥
)]
= 1. (A13)
Solving for TMF to leading order in t
2
⊥, we get
TMF (neg. U sites) ≈ U
4
[
1− At
2
⊥
tU
+O
(
t4⊥
)]
, (A14)
where A = 16α˜tN(0)a2 ≈ 2α˜, where N(a)a2 ≈ W−1 =
(8t)−1 was used. This is Eq. (15).
In the case of superconducting wires, we can still esti-
mate the parametric form of the most divergent part of
δχSC at low temperatures. The strongest singularity of
the integral in (A11) comes from the vicinity of the cross-
ing of the two Fermi surfaces (i.e. ξk = 0, εk = 0). This
singularity is cut off by the temperature. As a rough es-
timation of the integral, we evaluate the integrand in the
limit β |εk|, β |ξk| ≫ 1, so that tanh
(
βεk
2
)
→ sign(εk),
f (εk) → Θ(−εk) where Θ is a Heaviside step func-
tion, etc., and extend the integration only to within T
of the line εk = 0. Further, we change variables from
k to (εk, ξk), with Jacobian J (ε, ξ) =
1
|∇kε×∇kξ|
which
we replace by its value at (ε = 0, ξ = 0). Adding the
contributions in the four quadrants around the point
(ε = 0, ξ = 0) (both ε and ξ can be positive or negative),
we get:
δχSC ∼ −2t2⊥J (0, 0)
∫ W
T
dε
∫ W
0
dξ
1
2ε (ε+ ξ)
2
= 2t2⊥J (0, 0)
[
1 + ln W+T2T
W
− 1
T
]
∼ − A˜t
2
⊥
W 2T
, (A15)
where we have estimated J (0, 0) ∼ 1W 2 , and kept only the
most divergent term at T → 0. A˜ > 0 is a numerical coef-
ficient. Adding (A15) to the t⊥ = 0 superconducting sus-
ceptibility, which is of the BCS form χ0SC =
1
2W ln
(
W
2T
)
,
we get the following equation for TMF :
UχSC (TMF ) = U
[
1
2W
ln
(
W
2TMF
)
− A˜t
2
⊥
W 2TMF
]
= 1,
(A16)
and hence we get
TMF (S.C. wires) ≈ TMF,0
[
1− 2A˜t
2
⊥
WTMF,0
+O
(
t4⊥
)]
,
(A17)
where TMF,0 =
W
2 e
− 2W
U is the t⊥ = 0 mean field transi-
tion temperature.
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